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Abstract
In contrast to the Einstein-Hilbert action, the action for self-dual
gravity contains vierbeins. They are eleminated at the level of observ-
ables by an SL(2,C) gauge condition implied by the action. We argue
that despite this condition, new “edge” or superselected state vectors
corresponding to maps of the spheres S2∞ at infinity to SL(2,C) arise.
They are characterised by new quantum numbers and they lead to
mixed states. For black holes, they arise both at the horizon and the
spatial infinity and may be relevant for the black hole information
paradox. Similar comments can be made about the Einstein-Palatini
action which uses vierbeins.
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1 Introduction
There are several systems with more than one Lagrangian for given equations
of motion, but when quantised lead to inequivalent quantum systems [1].
They do not differ by total derivatives of functions. We call these Lagrangians
as weakly inequivalent Lagrangians. Simple examples of weakly inequivalent
Lagrangians on RN are:
LM =
1
2
x˙iMij x˙
j , x˙i ≡
dxi
dt
, M ∈ MatN×N(R), det(M) 6= 0, M
T =M
(1.1)
for different choices of the non-singular symmetric matrix M . Here x =
(x1, x2, · · · , xN) are the coordinates. The matrix M is not varied for finding
the equations of motion (1.1). The latter are independent of M ,
M
d2xi
dt2
= 0⇒
d2xi
dt2
= 0 (1.2)
M being non-singular.
ForM = mIN×N , m 6= 0, LM has the symmetry x→ Rx , R ∈ SO(N) but
that is not the case for generic M . Also the canonical momentum pi =Mij x˙
j
depends on M . For such reasons, quantum theories for different M mutually
differ, although that is not the case with the equations of motion.
But there are also familiar Lagrangians in field theories which share the
same symmetries and which are regarded as equivalent. Examples are the
Einstein-Hilbert, the Einstein-Palatini and the self-dual theory of the Ein-
stein gravity. All of these actions are diffeomorphism invariant, but the last
two actions have redundant variables in the form of vierbein variables. The
Lagrangian formalism gives rise to first class Gauss law constraints which
help us in the elimination of these redundant variables.
Thus the Gauss law is central to establish some sort of equivalence be-
tween these Lagrangians. A naive application of Gauss law does suggest this
equivalence. But the Gauss law operator is also a distribution, and therefore
must be smeared with test functions. When this aspect is also considered,
one finds leftover quantum state vectors associated with spatial infinity car-
rying new quantum numbers. We have discussed them in various contexts
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before [2] and we describe them again here, in section 2. In the framework of
local quantum physics, they would be associated with superselection rules.
We apply the methods described in this section to self-dual gravity and show
how edge states on the sphere at spatial infinity, S2∞ arise from the Gauss
law.
Similar remarks can be made about the Einstein-Palatini action.
The conclusion is that actions based on vierbeins are not equivalent to the
Einstein-Hilbert action as they contain additional edge states. The discussion
brings out that edge states are to be expected associated with every spatial
boundary, such as the black hole horizon [3].
Section 3 briefly discusses the known material in the theory of self-dual
action. It has a Gauss law based on the non-compact group SL(2,C). Its
edge states, emergent from this Gauss law, are discussed in section 4. In
sections 5 and 6, it is argued that if the observables of this action are to
coincide with those of the Einstein-Hilbert action, the above state vectors
must lead to mixed states. This is analogous to the results of Balachandran,
de Queiroz and Vaidya [8] that the colored states in QCD are all mixed.
These remarks are also readily adapted to the Einstein-Palatini action.
Important Remark: There is recent extensive important work on edge
states and low energy theorems by Strominger et al[5]. We believe that the
present work has minimal overlap with theirs.
2 The Gauss Law and Edge States in QED
Some of the important points of interest in the treatment of Gauss law are
already brought out by QED.
At a fixed time, if Ei is the electric field and J0 the charge density, the
Gauss law classically is
∂iE
i(x) + J0(x) = 0. (2.1)
In quantum theory, following Dirac, (2.1) is regarded as a condition on
allowed states vectors |·〉 :
(∂iE
i + J0)(x)|·〉 = 0. (2.2)
3
We can regard (2.2) as a condition which picks out the domain of the ob-
servables.
But Ei in quantum theory are distributions. Thus, we must integrate
(2.2) after multiplying by suitable test functions and rewrite it so that deriva-
tives appear only on the test functions. That is because derivatives of distri-
butions are understood dually, in terms of test functions.
So let C∞ denote infinitely differentiable functions , and C∞0 ⊂ C
∞, those
functions which also vanish fast at spatial infinity. Then we can rewrite (2.2)
as
G(Λ)|·〉 :=
∫
d3x
[
−Ei∂iΛ + Λ(x)J0(x)
]
|·〉 = 0, (2.3)
with Λ ∈ C∞0 . Classically, (2.3) implies (2.2) by partial integration since Λ
vanishes fast at infinity.
The exponentiation of G(Λ), namely , eiG(Λ) , generates a group. The
electron field Ψ0 under its action acquires a local phase e
iΛ(x) at x,
eiG(Λ)Ψ0(x)e
−iG(Λ) = eiΛ(x)Ψ0(x) (2.4)
and the phase becomes I at ∞, since Λ(x)→ 0 as |x| → ∞. Thus the group
associated with G(Λ) can be thought of as the group G∞0 of maps from R
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to U(1) which becomes identity at ∞, the superscript ∞ denoting this fact
while the subscript 0 denoting that it is connected to identity.
We note that all “observables” are required to commute with only with
these “small” gauge transformations eiG(Λ) . The electron field Ψ0 is not
invariant under small gauge transformations. In any case, Ψ0 changes sign
under 2π-rotations and thus it is not an observable.
Reverting to (2.3), we can next consider
Q(µ) =
∫
d3x
[
−Ei ∂iµ+ µ(x)J0(x)
]
(2.5)
where µ approaches a constant µ0 at ∞. Let us call the group generated by
such Q(µ) as G0.
For µ 6= Λ , Q(µ)|·〉 need not be zero. If µ = Λ, one has Q(µ) = G(µ)
and thus Q(Λ)|·〉 = 0. This is the subgroup G∞0 =
{
eiQ(Λ)
}
of G0 which acts
trivially on |·〉. Thus the effective group acting on |·〉 is G0/G
∞
0 . The group
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G0/G
∞
0 is isomorphic to U(1). For, any element of this quotient is entirely
characterized by the value of µ at spatial infinity.
As an example, choose for µ a globally constant µ = µ0. In that case,
Q(µ) = µ0
∫
d3x J0(x) = µ0Q(I) ≡ µ0Q0 (2.6)
where I is the constant function with the value 1 and Q0 is the canonically
normalised charge.
An important question now is: how do we create sectors with Q(µ) 6= 0
from the vacuum? For this purpose, we can consider
W (x) = exp i
∫ ∞
x
dxλ Aλ(x) (2.7)
where the integral is at a fixed time along the spacelike straight line
{x+ nˆl, 0 ≤ l <∞} (2.8)
in the direction of a unit vector, say nˆ. Under a gauge transformation,
Aλ → Aλ + ∂λµ (2.9)
one has
W (x)→ eiµ∞(nˆ)W (x)e−iµ(x), (2.10)
where
µ∞(nˆ) = lim
l→∞
µ(x+ nˆl) (2.11)
Thus, in view of (2.4) and as Dirac observed [6],[7],
W (x)Ψ0(x) = Ψ(x) (2.12)
is invariant under small gauge transformations whereas under large ones,
eiQ(µ)Ψ(x)e−iQ(µ) = eiµ∞(nˆ)Ψ(x) (2.13)
Therefore, if µ∞ is equal to a constant µ0, the state Ψ(x)|0〉 , where |0〉 is
the vacuum, is the vector with Q0 = 1. But at the same time, it is constant
under small gauge transformations.
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In G0,we can let µ∞ be an angle-dependent function. We can generate
such elements of G0 by letting µ(x) approach an angle dependent limit µ∞(nˆ),
as indicated by (2.11). Then on exponentiation, and restricting nˆ to a Cauchy
slice, we get the Sky group of [8] isomorphic to the maps from the celestial
sphere S2∞ at infinity to U(1).
As µ runs over its possibilities, we get a collection of Sky charges µ∞(nˆ)
where nˆ now fixes the representation of G0/G
∞
0 . We have in this case, if
Q(µ)|·〉 = 0,
Q(µ)Ψ(x)|0〉 = µ∞(nˆ)Ψ(x)|0〉 (2.14)
Since the representation given by (2.14) depends only on the asymptotic
data µ∞(nˆ), the corresponding quantum states are edge states.
In the discussion above, we have assumed that the charge of the electron
is unity in suitable units. For a field of charge q, Aλ must multiplied by q
while we can also easily restore q appropriately in the above equations.
Important Remarks : In previous work [9] ( In particular, see the discus-
sion in the appendix), the in-state was constructed using nˆ as a time-like
unit vector. We can do that here also. But then the commutators of Aλ with
other fields are known only after solving field equations whereas by choosing
x + nˆl to lie on a Cauchy slice, we know all the equal time commutators
including those of W and Ψ. For this reason, in what follows, we choose nˆ
to be spacelike and be a unit tangent to a spacelike surface.
2.1 On Gauge Redundancies in QED
The fields in the QED Lagrangians are connections Aµ and the electron field
Ψ0(x). Gauge invariance implies that there are redundant degrees of freedom
in the QED Lagrangian.
The new quantum state vectors which may arise from these redundant
degrees of freedom get restricted by the Gauss law. They do not get entirely
eliminated however. The charged vectors with charges q and the Sky group
vectors characterised by µ(nˆ) are examples.
Thus the redundant degrees of freedom in the Lagrangian leave an imprint
on the state vectors. It is important that the redundant degrees of freedom
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implicit in the Lagrangian do not appear at the level of local observables
[2, 8]. They must by definition commute with G(Λ), but because of the
locality, they then commute also with Q(µ). The reasoning is as follows.
Let K be a compact spatial region and let OK be a local observable
localised in K. Then by (2.3), and its generalisation to local observables
[Q(µ),OK ] = [Q(µ|K),OK ] (2.15)
where µ|K = µ restricted to K. But we can find a Λ ∈ C
∞
0 such that
Λ|K = µ|K . In fact there are infinitely many such Λ. Hence,
[Q(µ),OK ] = [Q(Λ|K),OK ] = [G(Λ|K),OK ] = [G(Λ),OK ] (2.16)
where the last step folows from the fact that the commutator depends only
on Λ|K . Hence,
[Q(µ),OK ] = 0. (2.17)
As the local observables commute with Q(µ), they are all constructed from
electric and magnetic fields. Thus W (x) is not a local observable.
The important result explained in the last few paragraphs is that observ-
ables, being local, commute with both small and large gauge transformations.
3 The Self-Dual Action for Gravity
The material in this section is rather well-known [10]. It is added here for
completeness.
The self-dual gravity action in four dimensions is
S =
∫
d4x (det e)eaC e
b
D F
CD
ab (A) (3.1)
where the upper case C,D ∈ 1, 2, 3, 4 are Lorentz group indices and a, b are
spacetime indices.
The connection A and its curvature F are Lorentz Lie algebra-valued, in
the self-dual (1, 0) representation of the Lie algebra. They are complex. (The
antisymmetric product of two four-vector representations contains (1, 0) of
course).
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For the Palatini action in its real form, A and F are real in (3.1) . The
connection and the curvature are valued in the four-vector representation of
the SL(2,C) Lie algebra.
As mentioned earlier, (3.1) has redundant degress of freedom associated
with eaA. This is accompanied by SL(2,C) - gauge invariance.
After Legendre transformation and associated manipulations, one finds
the canonically conjugate variables ACi , E˜
j
D [11]:
[
ACi (x), E˜
j
D
]
= δCDδ
j
i δ
3(x− y) (3.2)
E˜Ai =
1
2
ǫABCǫijke
j
Be
k
C ⇔ e
i
A =
1
2
1
| det E˜|
1
2
ǫABCǫ
ijkE˜Bj E˜
C
k (3.3)
at a fixed time slice. All other commutators involving A and E˜ vanish on
this slice.
Let T (C) be the SO(3) Lie algebra generators in the spin 1 representation:
T (C)AB = −ǫCAB (3.4)
and set
Ai = A
C
i T (C), E˜
j = E˜jDT (D). (3.5)
Then Fij(A) = F
C
ij (A)T (C) is also Lie algebra valued, F
C
ij (A)T (C) being the
curvature of the connection Ai.
For the self-dual Lagrangian,there are also the following first class con-
straints in the absence of matter fields:
(i) The Gauss law:
DiE˜
i|·〉 = 0 (3.6)
on allowed vector state vectors |·〉. Here we have used a standard no-
tation:
DiE˜
i = ∂iE˜
i + Aαi E˜
iβ[T (α), T (β)]. (3.7)
(ii) The vector constaint:
Tr E˜iFij|·〉 = 0. (3.8)
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(iii) The scalar constraint:
Tr E˜iE˜jFij |·〉 = 0. (3.9)
4 The Self-Dual Action: Edge States
We focus on the Gauss law. We must smear it with test functions as before.
For this purpose, we let Λ and µ henceforth be Lie algebra valued, Λ ≡
ΛCT (C), µ = µCT (C) where the functions ΛC ∈ C∞0 while µ
C ∈ C∞, i.e. the
µC can approach angle dependent limits at infinity. Then with
G(Λ) = −
∫
d3x Tr (DiΛ)E˜
i, (4.1)
one has
G(Λ)|·〉 = 0 (4.2)
which are the Gauss law constraints.
We can also define Q(µ):
Q(µ) = −
∫
d3x Tr (Diµ)E˜
i. (4.3)
As mentioned, we now allow the possibility that µc(x) approach angle-dependent
limits µc∞(nˆ), as infinity is approached, as in the abelian case.
In what follows, µ(nˆ) denotes µc(nˆ)T (c).
The group that G(Λ)’s generate is identified with G∞0 , the group of maps
from R3 to complexified SO(3) which become identity maps at ∞ and are
also connected to identity. The group that Q(µ)’s generate is instead G0,
which are maps from R3 to complexified SO(3), whose elements may not
approach identity at ∞, but are connected to identity.
If g is an element of G0 or G
∞
0 , we denote its representative element in
quantum theory by U(g).
On quantum states, the effective group is G0/G
∞
0 . Its representations give
the edge states of the self-dual action. These are edge states since their action
on quantum fields only depends on the asymptotic data of S2∞. In particular,
in analogy to the U(1) case, if µ∞ are restricted to constant functions, Q(µ)
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generate the complex SO(3) Lie algebra while if µ∞ is allowed to have nˆ-
dependence, we get the Sky group or a subgroup thereof. This Sky group is
a natural generalisation of the one formulated for gauge theories [2] to the
self-dual Palatini action.
To understand this material better, we generalise (2.13) and (2.16). In-
stead of Ψ0 we use E˜
i. Then (2.4) becomes
U(eiΛ)E˜i(x)U(e−iΛ) = eiΛ(x)E˜i(x) (4.4)
where now Λ(x) is a matrix like T (α) while E i is a column vector ( E iC ) in
the adjoint representation and not its contraction with T (C) as in section 3.
Thus we are changing notation for convenience.
The Wilson lineW (x) looks the same as (2.7), except that it now includes
a path-ordering P:
W (x) = P exp i
∫ ∞
x
dxλAλ(x) (4.5)
U(eiµ)W (x)U(e−iµ) = eiµ∞(nˆ)W (x)e−iµ(x) (4.6)
In (2.13), we change Ψ(x) to
W (x)E˜i(x) (4.7)
so that
U(eiµ)W (x)E˜i(x)U(e−iµ) = eiµ∞(nˆ)W (x)E˜i(x). (4.8)
Note that µ∞(nˆ) is a matrix. We can create vector states characterised by
µ∞(nˆ) in its transformation law by starting with a vector |·〉 invariant under
U(eiµ):
U(eiµ)|·〉 = |·〉. (4.9)
Then applying (4.7) on the vacuum, we get such a state since one gets
U(eiµ)W (x)E˜i(x)|0〉 = U(eiµ∞(nˆ))W (x)E˜i(x)|·〉. (4.10)
From this equation, we read off that if µ(nˆ) runs over all constant values, we
get the complexified SO(3) whereas if µ∞ runs over all functions on S
2
∞, we
get the complexified Sky group.
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Remarks on Unitarity
The transformation property (4.6) of W (x) depends only on A transforming
as a connection and not on its reality. Loop quantum gravity program [10]
extensively employs this fact. But W (x) is not even formally unitary since
Ai are complex. The implications of this observation are not clear.
5 On Observables and Superselection Rules
Locality is a concept which is difficult to formulate in quantum gravity, as
the concept has to be diffeomorphism invariant. Because of this requirement,
no useful diffeomorphism invariant local observables have been found on R3.
Besides this issue, we have the requirement that whatever be the definition
of observables, they must commute with G(Λ). Now E˜ai and e
i
a undergo
SL(2,C) - gauge transformations under the action of U(eiΛ) . For example,
U(eiΛ)E˜ai (x)U(e
−iΛ) =
(
eiΛ(x)
)a
b
E˜bi (x) (5.1)
where eiΛ become identity as x→ ∞. Invariance of observables under (5.1)
means that no observable can depend on E˜ai or e
i
a for finite x except in
SL(2,C) invariant combinations. But they can depend on the frames “at
infinity”, the asymptotic forms of eia(x), as x→∞.
In QED, because of locality, local observables commuted with Q(µ) due
to locality[2] since they did so with G(Λ) . But that argument is not available
for the case of gravity.
But suppose that we want the equivalence of the self-dual gravity at the
level of observables with the Einstein-Hilbert action. Then we must assume
that all its observables O commute with Q(µ). To proceed, let us agree on
this suggestion. Then if O is any observable, (4.10) shows that
U(eiµ)OW (x)E˜i(x)|0〉 = U(eiµ∞(nˆ))OW (x)E˜i(x)|·〉. (5.2)
( Here O is not a matrix while E˜ i is a column vector ( E˜ ib ) in the ad-
joint representation. ). It follows that the collection of numbers {µ∞(nˆ)}
is characteristic of the representation of the algebra of observables O. It is
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thus superselected, as O does not affect this set. [ We note that if U(eiµ)→
U(eiµ∞) in (5.2) , and similarly U(eiµ
′
) → U(eiµ
′
∞), then U(eiµ)U(eiµ
′
) →
U(eiµ
′
∞)U(eiµ∞), which shows an inversion of the usual ordering. ( Just as
for U(eiµ), U(eiµ∞) and similar expressions represent the quantum operators
for their arguments.) ]
We can change {µ∞(nˆ)} to {µ∞(nˆ
′)} by changing the direction of the
Wilson line and choosing the latter to be
{x+ nˆ′l, 0 ≤ l <∞}. (5.3)
Since by (5.1), no observable can change {µ∞(nˆ)} to {µ∞(nˆ′)} , they are
different representations of A.
Thus we have an infinity of representations characterised by nˆ, that is,
points on the celestial sphere S2∞. They are absent for the observables coming
from the Einstein-Hilbert action which does not use the frames.
6 Mixed States in Self-Dual Gravity?
Let Ai, E˜
i represent a particular representation of these fields as conjugate
pairs. Then a large gauge transformation eiQ(µ) transforms them to another
equivalent representation ( which however may not be unitarily equivalent!) ,
namely Ai, E˜
i to eiQ(µ)Aie
−iQ(µ) and eiQ(µ)E˜ie−iQ(µ). Hence alsoW is changed
to eiQ(µ)We−iQ(µ) . Thus the new state vector, presumably equivalent in some
sense to W (x)E˜i(x)|·〉 is,
U(eiµ)W (x)E˜i|·〉 = eiµ∞(nˆ)W (x)E˜i(x)|·〉 (6.1)
since |·〉 is invariant by U(eiµ) by the assumption in Sec. 5.(Cf.(4.9).)
Observables commute with U(eiµ). But still matrix elements of observ-
ables between vectors like (6.1 ) can depend on U(eiµ) if it is not unitary. We
shall henceforth avoid this problem by considering only SO(3) - ( and not
SL(2,C)-)valued gauge transformations. In that case, U(eiµ) being unitary
, matrix elements of O between vectors (6.1), are not expected to depend on
eiµ∞(nˆ).
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By considering U(eiν)U(eiµ) etc. in (6.1) where also eiν∞(nˆ) ∈ SO(3), we
get a family of vectors in (6.1) giving equal matrix elements for observables
O, parametrised by maps of S2∞ to SO(3).
Consider the density matrices
ρ(µ) = U(eiµ)W ba (x)E˜
i
b(x)|·〉〈·|(E˜
i
c)
†W−1
c
a(x)U(e
−iµ). (6.2)
for fixed a. By the preceding considerations, for this ρ, the expectation
value of O ∈ A is independent of µ. That is also the case for convex linear
combinations ∑
λiρ(µˆ
(i)), λi ≥ 0,
∑
i
λi = 1 (6.3)
of such ρ(µˆ(i)). That means that ρ(µˆ) is a mixed state, , having many de-
compositions (6.3).
We can generalise (6.3) by replacing U(e±iµ) in (6.2) by U(e±iν)U(e±iµ)
. In this way, we get the decomposition of ρ(µ) as the convex sums of many
states.
The vector |·〉 can be any vector invariant by the action of U(eiΛ), that
is , a small gauge transformation. It can in particular be an SO(3) singlet.
Still (6.2) depends on µ since the remaining factors do not commute with
U(eiµ).Thus (6.3) depends on λi.
We thus find that the above SO(3) non-singlet states are mixed.
There is a similar result for all SO(3) non-singlet states. For this purpose,
consider a generic SO(3) non-singlet state |ψ, ·〉 normalised to unity and
fulfilling G(Λ)|ψ〉 = 0. The transformations of SO(3) are implemented by
U(eiµ) where µ∞ is a constant on S
2
∞. Since SO(3) is compact, we can reduce
its action to a direct sum of irreducible representations. Hence we can write
|ψ〉 =
∑
CII3λ|I, I3, λ〉, I ∈ {0, 1, 2, · · · }, I3 ∈ [−I,+I]. (6.4)
where λ accounts for labels not covered by I, I3 . Also |I, I3, λ〉 are orthonor-
mal .
The observables do not mix I and I3 as they commute with Q(µ). Assume
for a moment that they do not mix λ as well. Then the density matrix |ψ〉〈ψ|
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gives the same expectation values as
∑
I,I3,λ
CII3λ|I, I3, λ〉〈I, I3, λ|C¯II3λ. (6.5)
Each term in (6.5) with I 6= 0 leads to a mixed state. That is, the density
matrix
ρII3λ = |I, I3, λ〉〈I, I3, λ| (6.6)
despite appearance, is mixed [4]! Thus for example Tr ρII3λO = Tr ρII′3λO,
if the two ρ’s are related by an SO(3)-transformation. That is because the
latter are generated by Q(µ) with constant µ∞ and Q(µ) commutes with
observables by assumption in Sec.5. More generally, we see that as states on
observables, ρII3λ and ξρII3λ + (1 − ξ)ρII′3λ ( 0 ≤ ξ ≤ 1) all define the same
state (( give the same expectation values). Hence (6.5) is mixed.
In general, O will mix different λ’s , but the argument is easily adapted
to the case of several λ’s in the density matrix (6.5) , its term for fixed I, I3
then being ∑
λ,λ′
|I, I3, λ〉CI,I3,λC¯I,I3,λ′〈I, I3, λ
′| (6.7)
where CI,I3,λ are complex numbers. One sees this from (6.4).
The mixed states implied by the existence of the edge states in the self-
dual model are quite interesting. They may give clues for the black hole
entropy problem.
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